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Seeing the curvature of the Earth for yourself 
http://frankgroffiesmiscellany.info/quantifying-and-observing-the-curvature-of-the-earth/, January 28, 2017 

 

1  Introduction 

 

This document explains a procedure for calculating how much of a distant feature is obscured by the curvature of 

the Earth. A related task is calculating the radius of the Earth. A case study involving San Francisco Bay follows. 

 

In Fig. 1 below, an observer standing on a shore is sighting over water to a distant feature. The feature is a tower 

with a height of h and a distance d from the observer. We will let d1 represent the distance from the observer to 

the horizon and let d2 represent the distance from the horizon to the tower. The quantities m1 and m2 are, respec-

tively, the height of the observer and the obscured lower height of the tower. R is the radius of the Earth. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Cross-section diagram showing the geometry involved in sighting across an arcuate surface to a distant 

tall object. 
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For any right triangle, x2 + y2 = z2.  
Thus, in the left-hand triangle,  
R2 + d12 = (R + m1)2, and in the right-
hand triangle, R2 + d22 = (R + m2)2. For 
a typical observer, d1 is about 3 miles. If 
the observer and the distant feature 
are not separated by exactly twice this 
distance, then d1 ≠ d2, and m1 ≠ m2. 
 

Not to scale: obviously, no person is 
this tall.  
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We know four quantities: the height of the observer, the height of the distant feature, the distance between the 

two, and the radius of the Earth. If the observer is you, then you can find your height using a tape measure. The 

height of the feature can be found from online research. The distance in between can be found in various ways: 

by measuring on a map, researching online, using a GPS device, or performing a calculation based on the latitudes 

and longitudes of the observer and feature (coordinates that can be read off of Google Earth or Mytopo.com). The 

radius of the Earth is a widely published value. We do not initially know where the horizon is, and thus we do not 

initially know what the distances are between the observer and horizon and between the horizon and feature.1 

What we want to obtain is m2, the theoretical lower height portion of the tower that is obscured by the assumed 

arcuate ground surface.  

 

To summarize, we are working with the following variables: 

 

    d Distance from observer to distant feature Known 

    d1 Distance from observer to horizon  Unknown 

    d2 Distance from horizon to distant feature  Unknown 

    h Height of distant feature   Known 

    m1 Height of observer    Known 

    m2 Obscured height of distant feature  Unknown 

    R Radius of Earth     Known 

 

The units of all values must be kept the same and will be feet here, although meters or some other unit would 

work just as well. The distance between the observer and feature, d, and the radius of the Earth, R, likely will ini-

tially be expressed in miles and thus need to be converted to feet by multiplying by 5,280. Note that the quanti-

ties R + m1 and R + m2 are the hypotenuse lengths of the two triangles in Fig. 1. 

 

In Section 2 below, we will be starting with three equations (Eqs. 1, 7, and 10, below) and three unknowns (d1, d2, 

and m2), and thus the problem has a solution. 

 

2  Determining m2 

 

2.1 Left-hand triangle 

 

We know the value of m1 in the left-hand triangle, and we want to and can find its d1. According to the Pythago-

rean theorem,2 x2 + y2 = z2 for any right triangle (one containing a 90° angle). 

 

After substituting R for x, d1 for y, and R + m1 for z (the hypotenuse), we obtain the following equation for the 

left-hand triangle: 

 

 𝑅2 + 𝑑1
2

 = (𝑅 + 𝑚1)2   (Eq. 1). 

 

 

 
1 For a typical observer (someone 5 or 6 feet tall) standing on a shoreline, d1 is about 3 miles. However, we will leave the 
observer’s eye elevation, m1, as a variable primarily because this allows us the option of sighting from a higher vantage point, 
say a hill whose elevation can be obtained from a published topographic map. 
2 First proven in writing by Pythagoras around 500 BC (https://en.wikipedia.org/wiki/Pythagorean_theorem). 
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Subtracting R2 from both sides gives  

 

 𝑑1
2  = (𝑅 + 𝑚1)2 − 𝑅2   (Eq. 2), which can be rewritten as 

 

 𝑑1
2  = (𝑅 + 𝑚1)(𝑅 + m1) − 𝑅2   (Eq. 3) or, after using the distributive property, as 

 

 𝑑1
2  = 𝑅2 + 2𝑅𝑚1 + 𝑚1

2 − 𝑅2   (Eq. 4). 

 

The terms R2 and –R2 cancel out, which yields 

 

 𝑑1
2  = 2𝑅𝑚1 + 𝑚1

2   (Eq. 5).  

 

Finally, taking the square root of both sides yields  

 

 𝑑1 = √2𝑅𝑚1 + 𝑚1
2   (Eq. 6). 

 

2.2  Right-hand triangle 

 

We’re not yet done. Our goal is to solve for m2, which is part of the right-hand triangle. Starting with Eq. 1 and 

merely changing the subscripts ― substituting d2 for d1 and m2 for m1 ― give us, for the right-hand triangle, 

 

 𝑅2 + 𝑑2
2

 = (𝑅 + 𝑚2)2    (Eq. 7). 

 

Taking the square root of both sides yields 

 

 √𝑅2 + 𝑑2
2 = 𝑅 + 𝑚2    (Eq. 8). 

 

Subtracting R from both sides and flipping the equation yield 

 

 𝑚2 = √𝑅2 + 𝑑2
2 − 𝑅    (Eq. 9). 

 

We calculated d1 earlier (Eq. 6), and it is now a simple matter to derive d2. By definition, d2 is merely the total dis-

tance minus d1: 

 

 𝑑2 = 𝑑 − 𝑑1  (Eq. 10). 

 

The widely published value of R and the calculated (now-known) value of d2 can be plugged into Eq. 9, thereby 

providing the value of m2. With this final step, all the side lengths of the two triangles become known. In practice 

using real-world data, it was found that these steps yield the same values that can be found on the web.3 

 

 
3 For example, the Earth Curve Calculator, at https://dizzib.github.io/earth/curve-calc/?d0=23&h0=5&unit=imperial, and 
Visual Line of Sight Calculations Dependent on Earth's Curvature, at http://www.davidsenesac.com/Information/line_of_ 
sight.html. 

http://www.davidsenesac.com/Information/line_of_
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3  Checking m2 in the field 

 

The steps above provide a theoretical value of m2. In science, it’s always desirable to compare theoretical values 

against their corresponding values observed in the real world. We could check whether our theoretical value of 

m2 is correct by sighting to the distant feature and directing, by phone, an assistant to climb the feature up to 

where he or she becomes visible through a telescope and then to extend a tape measure down to the ground. 

Other similar methods of direct measurement can be imagined. Most would be impractical if not dangerous. 

 

We can instead check that our value is approximately correct by sighting to the distant feature and noting the 

portion of the feature that is obscured as a fraction of its total (known) height. Multiplying this fraction by the 

total known height yields the observed approximate value of m2: 

 

 𝑚2 (observed) ≈ obscured fraction of feature × ℎ   (Eq. 11). 

 

It would first be necessary to know what the feature looks like from a distance, in its entirety, unobscured. One 

would do this by viewing the feature from a nearby high vantage point, say a hill, and recording its appearance 

from there. Using a telescope, one could photograph or sketch the feature’s appearance through the telescope 

from the high vantage point, do the same from the low vantage point (near ground level), and then compare the 

two views. Presumably, the fraction obscured can be determined to an accuracy of ±0.2. 

 

4  Calculating the radius of the Earth 

 

It is possible to back-calculate the radius of the Earth, R, based solely on the sort of sighting shown in Fig. 1 and on 

certain known values. Ten centuries ago, the Persian geodesist Abu Rayhan al-Biruni (973–1048; Fig. 2) used 

essentially this method (Fig. 3) and obtained a value of R that was a mere 0.2% less than the modern value.4 That 

degree of accuracy should be amazing considering that no one in the “known” world at that time knew of the exis- 

 

                                             
 

                Figure 2 (l). One of many imaginary depictions of al-Biruni. Figure 3 (r). Diagram of his method. 

 
4 He sighted to a tall mountain in present-day Pakistan. He also, however, used trigonometry rather than the Pythagorean 
theorem (https://en.wikipedia.org/wiki/History_of_geodesy). Trigonometry was developed by the ancient Greeks in the 3rd 
century BC. Each method is a mathematical derivation of the other, and the two methods are therefore equivalent and yield 
the same results. 
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tence of the Americas or the vastness of the Atlantic and Pacific Oceans. 

 

We will be working with the same set of variables as before: 

 

    d Distance from observer to distant feature Known 

    d1 Distance from observer to horizon  Unknown 

    d2 Distance from horizon to distant feature  Unknown 

    h Height of distant feature   Known 

    m1 Height of observer    Known 

    m2 Obscured height of distant feature  Known 

    R Radius of Earth     Unknown 

 

In this case, however, the variables that are known and unknown differ from those in Section 2. The value of d is 

known because we can measure it on a map. In contrast, the variables d1 and d2 will remain unknown because 

their values depend on knowing R, which is our third unknown. We know the values of h and m1 as we did earlier. 

We can find the value of m2 by making a telescope sighting, noting the fraction of the distant feature that is 

obscured, and then using Eq. 11; m2 will thus be a known quantity. The value of R that we calculate will be only 

approximate, however, because that fraction we sight through the telescope will be inexact, and thus m2 will be 

inexact. 

 

We are thus left to work with three equations and three unknowns, which presents a solvable problem: 

 

 𝑑1 = √2𝑅𝑚1 + 𝑚1
2   (Eq. 6), 

 

 𝑑2 = √2𝑅𝑚2 + 𝑚2
2   (Eq. 13), and 

 

 𝑑 = 𝑑1 + 𝑑2  (Eq. 14). 

 

Eq. 13 was derived for the right-hand triangle in the same way as Eq. 6 was for the left-hand triangle. Eq. 14 is true 

by definition (Fig. 1). 

 

Substituting the expressions on the right sides of Eqs. 6 and 13 for d1 and d2 in Eq. 14, respectively, yields 

 

  𝑑 = √2𝑅𝑚1 + 𝑚1
2   + √2𝑅𝑚2 + 𝑚2

2   (Eq. 15). 

 

Recall that d, m1, and m2 are known and that we are solving for R. Thus, we now have one equation in one 

unknown.  

 

Squaring both sides of Eq. 15 yields 

 

  𝑑2 = (√2𝑅𝑚1 + 𝑚1
2   + √2𝑅𝑚2 + 𝑚2

2)
2
  (Eq. 16), which can be rewritten as 

 

  𝑑2 = (√2𝑅𝑚1 + 𝑚1
2   + √2𝑅𝑚2 + 𝑚2

2)(√2𝑅𝑚1 + 𝑚1
2   + √2𝑅𝑚2 + 𝑚2

2)  (Eq. 17). 
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After applying the distributive property, we obtain 

 

  𝑑2 = √2𝑅𝑚1 + 𝑚1
2 ∙ √2𝑅𝑚1 + 𝑚1

2 + 2√2𝑅𝑚1 + 𝑚1
2 ∙ √2𝑅𝑚2 + 𝑚2

2 + 

                          √2𝑅𝑚2 + 𝑚2
2  ∙ √2𝑅𝑚2 + 𝑚2

2  (Eq. 18). 

 

 It then follows that 

 

  𝑑2 = 2𝑅𝑚1 + 𝑚1
2 + 2√( 2𝑅𝑚1 + 𝑚1

2)  ( 2𝑅𝑚2 + 𝑚2
2) + 2𝑅𝑚2 + 𝑚2

2  (Eq. 19),    

 

  𝑑2 = 2𝑅𝑚1 + 𝑚1
2 + 2 √4𝑅2𝑚1𝑚2 + 2𝑅𝑚1𝑚2

2 + 2𝑅𝑚1
2𝑚2 + 𝑚1

2𝑚2
2 + 2𝑅𝑚2 + 𝑚2

2  (Eq. 20), and  

 

  𝑑2 − 2𝑅𝑚1 − 𝑚1
2 − 2𝑅𝑚2 − 𝑚2

2 = 2 √4𝑅2𝑚1𝑚2 + 2𝑅𝑚1𝑚2
2 + 2𝑅𝑚1

2𝑚2 + 𝑚1
2𝑚2

2  (Eq. 21).    

 

Squaring both sides gives 

 

  (𝑑2 − 2𝑅𝑚1 − 𝑚1
2 − 2𝑅𝑚2 − 𝑚2

2)2 = 4 (4𝑅2𝑚1𝑚2 + 2𝑅𝑚1𝑚2
2 + 2𝑅𝑚1

2𝑚2 + 𝑚1
2𝑚2

2)   (Eq. 22). 

 

After performing the squaring on the left side, performing the multiplication on the right side, combining a few 

like terms, and rearranging so all terms are on the left side,5 we obtain 

 

 𝑑4 − 4𝑑2𝑅𝑚1 − 2𝑑2𝑚1
2 − 4𝑑2𝑅𝑚2 − 2𝑑2𝑚2

2 − 8𝑅2𝑚1𝑚2 − 4𝑅𝑚1𝑚2
2 − 4𝑅𝑚1

2𝑚2 − 2𝑚1
2𝑚2

2 +

               4𝑅2𝑚1
2 + 4𝑅𝑚1

3 + 𝑚1
4 + 4𝑅2𝑚2

2 + 4𝑅𝑚2
3 + 𝑚2

4 = 0  (Eq. 23). 

 

We then internally rearrange each term containing R (or R2) so that the coefficients are all on the left and R (or 

R2) is always on the right. We also group together terms with the same powers of R so that the three terms con-

taining R2 are first, the six terms containing R are next, and the six remaining terms (which are constants) are last. 

After performing these steps, Eq. 23 is rewritten as Eq. 24: 

 

 −8𝑚1𝑚2𝑅2 + 4𝑚1
2𝑅2 + 4𝑚2

2𝑅2 − 4𝑑2𝑚1𝑅 − 4𝑑2𝑚2𝑅 − 4𝑚1𝑚2
2𝑅 − 4𝑚1

2𝑚2𝑅 + 4𝑚1
3𝑅 +  

 4𝑚2
3𝑅 + 𝑑4 − 2𝑑2𝑚1

2 − 2𝑑2𝑚2
2 − 2𝑚1

2𝑚2
2 + 𝑚1

4 + 𝑚2
4 = 0  (Eq. 24). 

 

Finally, the distributive property yields  

 

 (−8𝑚1𝑚2 + 4𝑚1
2 + 4𝑚2

2)𝑅2 + (−4𝑑2𝑚1 − 4𝑑2𝑚2 − 4𝑚1𝑚2
2 − 4𝑚1

2𝑚2 + 4𝑚1
3 + 4𝑚2

3)𝑅 + 𝑑4 − 

  2𝑑2𝑚1
2 − 2𝑑2𝑚2

2 − 2𝑚1
2𝑚2

2 + 𝑚1
4 + 𝑚2

4 = 0  (Eq. 25). 

 

This is a quadratic equation in the familiar form  𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0, where x is R,  

 

 𝑎 = −8𝑚1𝑚2 + 4𝑚1
2 + 4𝑚2

2
  (Eq. 26), 

 

 𝑏 = −4𝑑2𝑚1 − 4𝑑2𝑚2 − 4𝑚1𝑚2
2 − 4𝑚1

2𝑚2 + 4𝑚1
3 + 4𝑚2

3  (Eq. 27), and 

 

 𝑐 = 𝑑4 − 2𝑑2𝑚1
2 − 2𝑑2𝑚2

2 − 2𝑚1
2𝑚2

2 + 𝑚1
4 + 𝑚2

4  (Eq. 28), 

 
5 I’m aware that I’m not explicitly showing all these steps; that’s for the sake of brevity. 
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and which can be solved using the well-known quadratic formula, 

  

𝑅 =
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

 

The easiest way to evaluate this quadratic formula is to use Excel such that three cells are assigned to the calcula-

tions of a, b, and c and a fourth cell holds the quadratic formula. The symbol ± means “plus or minus”; in practice 

using real-world data, it was found that reasonable solutions result only when a minus sign is used. 

 

5.  Doing all this more accurately 

 

It is possible to obtain a more-accurate value of m2. One way to do this is to move oneself along a shoreline such 

that the very top of the distant feature is barely visible, or barely obscured. 6 In other words, ideally, one would be 

located at a distance where the feature is at that very precise vanishing point. At that distance, m2 = h. The value 

of h is presumably known beforehand, and thus m2 is also known. All the lengths in Fig. 1 are then known except 

for d and thus d1 and d2, the three of which remain unknown variables. 

 

There would again be three equations and three unknowns. Solve for d1 and d2 using Eqs. 6 and 13, respectively. 

Then derive d merely by adding d1 and d2 (Eq. 14). This theoretical value of d can be checked against its observed 

value, which would be determined by reading off a GPS device or a map. 

 

The radius of the Earth, R, could also be measured more accurately using this more-accurate value of m2. As in 

Section 4, one would use Eqs. 26 through 28 and the quadratic formula. 

 

This method is more accurate than the method described in Sections 3 and 4. On the one hand, however, it 

involves the burdensome tasks of (1) finding a shoreline that one can move along to achieve the ideal distance 

and (2) then moving to achieve that ideal distance. On the other hand, it relieves one of the task of viewing the 

feature in its entirety from a high vantage point, which is necessary with the method in Sections 3 and 4. 

 

6.  Case study involving San Francisco Bay 

 

Over the 2016–17 winter, we made a couple of trips to the shore of San Francisco Bay to test the method. We 

made some sightings from elev. 200 ft at Coyote Hills toward downtown San Francisco essentially to see if this 

vantage point worked (Photos 1 and 2). No quantitative measurements were made. Later, we made sightings 

from Dumbarton Pier (Photo 5) and a small adjacent beach (Photo 6). Locations are shown in Figs. 4 and 5. The 

Coyote Hills and Dumbarton vantage points are located 7.3 and 8.2 miles, respectively (a difference of 0.9 mi., or 

12%), from the interesting point on the San Mateo Bridge: where the high-rise section meets the causeway in the 

middle of the bay. 

 

We happened to not have the telescope on hand at the Dumbarton vantage points. Nevertheless, we photo-

graphed sightings to the San Mateo Bridge from up on the pier (Photo 3) and from a crouching position down on 

the nearby beach (Photo 4). Our eye elevations were about 21 and 3 ft above sea level, respectively. 

 
6 There are other, equivalent versions of this method. All involve placing one’s eyes somewhere where a distant feature 
barely vanishes by way of some combination of (1) altering one’s elevation, (2) altering the distance, and (3) selecting a 
particular feature that barely vanishes.  
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Figure 4. Google Earth image of San Francisco Bay. Selected sightlines, to downtown San Francisco and San Mateo 

Bridge, are denoted by white lines.  

 

The effects of the two vantages from the pier and beach are startling. From higher up on the pier (21 ft), one can 

see the San Mateo Bridge essentially in its entirety. As one descends down to the beach, the lower fraction of the 

causeway section becomes blocked from view by the bay, but traffic is clearly visible. Standing on the beach, at an 

eye elevation of 6 ft, essentially just the bodies of trucks can be seen travelling east and west. When crouching on 

the beach and achieving an eye elevation of just 3 ft, everything about the causeway is hidden from view (method 

in Section 5). What’s delightful is when one crouches, then rises, then walks a few feet higher on the beach, and 

then does all this in reverse within a span of a few seconds. The truck traffic and then the causeway appear, and 

then disappear. We did this at high tide, which may be advantageous in that the beach then is narrow and thus 

one doesn’t need to walk far (in mud?) to reach the water’s edge. 

Area of Fig. 5 
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Figure 5. Vantage points. The high vantage is at 37.552ºN, -122.094ºW, elevation 200 ft, in Coyote Hills Regional 

Park (Photos 1 and 2). The low and moderate-height vantages are at 37.511ºN, -122.111ºW, elevation 0–15 ft, in 

Don Edwards San Francisco Bay National Wildlife Refuge (Photos 3 through 6). 

High vantage 

Low and moderate-
height vantages. 
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Photo 1. High vantage point at elev. 200 ft. in Coyote Hills Regional Park, looking northwest. 

 

 
Photo 2. View of San Mateo Bridge and downtown San Francisco high-rises from high vantage. 

 

 

 

San Mateo Bridge 
causeway  

Downtown San 
Francisco 
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Photo 3. San Mateo Bridge from Dumbarton pier, viewed looking northwest, sighting height of about 21 ft. The 

visible portion of the bridge’s high-rise section extends to the right to arrow 2, and truck traffic can be seen trav-

eling on the causeway section. 

 

 
Photo 4. San Mateo Bridge from beach near the Dumbarton pier, looking northwest, sighting height of 3 ft. The 

visible portion of the bridge’s high-rise section extends to the right only to arrow 1, and the causeway section is 

not visible. 
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Photo 5. Dumbarton pier, at left, viewed looking southwest. This was the two-lane Dumbarton Bridge from the 

1920s to the 1980s. The new six-lane Dumbarton Bridge is at right. 

 

 
Photo 6. Beach at foot of Dumbarton fishing pier, viewed looking northeast. The Dumbarton Bridge is at top. 
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I returned home with a few crude estimates of the fractions of the bridge and traffic that were visible from these 

various vantage points, and entered the values in a spreadsheet that I developed for this purpose. This spread-

sheet (Fig. 6) calculates (1) the theoretical heights and fractions of distant objects that should be visible in this 

situation and (2) the radius of the Earth based on the observed fractions. Even without the use of a telescope, the 

values I obtained gave astonishingly good results. The theoretical and observed values matched, and I calculated a 

radius of the Earth that was within 5% of its true value. I felt like I was walking in the footsteps of al-Biruni. These 

are preliminary results, and obviously, the use of a telescope later will yield greater precision. 

 

 
Figure 6. Spreadsheet (screenshot). 

 

The spreadsheet has a couple quirks. If m1 and m2 are equal, say 6 and 6 (feet), which occurs rarely, then a in Eq. 

26 becomes zero, and Excel then gives the #DIV/0! error message for the radius of the Earth.7 Also, the observed 

fractions in column P cannot be less than 0.001, although such values would be irrelevant anyway.  

 

Coyote Hills Regional Park and Dumbarton Pier are accessed from Paseo Padre Parkway and Thornton Avenue, 

respectively, in Newark, California. These two roads meet at the last exit off State Route 84 before the toll plaza, 

headed westbound. To access Dumbarton Pier, one enters the Don Edwards San Francisco Bay Wildlife Refuge. 

Parking is free in the wildlife refuge and $5 in the regional park. 

 
7 The denominator in the quadratic formula is 2a.  


